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Abstract. Waveletsandrelatedmultiscalerepresentationareimportantmeans
for edgedetectionand processingaswell asfor segmentationand registration.
Due to the computationatompleity of theseapproacheso interactve visual-
ization of the extractionprocesss possiblenovadays By usingthe hardware of
moderngraphicavorkstationgor acceleratingvaveletdecompositiorandrecon-
structionwe realizea first importantstepfor removing lagsin the visualization

cycle.

1 Intr oduction

Featureextractionhasbeenprovento bea usefulutility for sgmentatiorandregistra-
tion in volumevisualization[7, 13]. Many edgedetectionalgorithmsusedin this step
employ waveletsor relatedbasisfunctionsfor theinternalrepresentationf thevolume.
Additionally, waveletscanbe usedfor fastvolumevisualization[5] usingthe Fourier
renderingapproach8, 12].

Wavelet analysisis a mainly memorybound problem.Graphicshardware on the
other handregularly hasmemory systemsthat can be addressedxtremely fast. As
moderngraphicshardware of several vendors,for instanceSilicon Graphics[9], has
supportfor two dimensionalcorvolution andthe ability to scalebitmapsby arbitrary
factors,all necessangtepsneededor wavelet decompositiorand reconstructiorare
available.

Additionally, threedimensionatonvolutionwith separabléilter kernelscanbeim-
plementedby using thesehardware supportedcornvolution filters along with volume
textures[3], paving the way to 3D waveletanalysiswhich will benefitfrom the high
memorybandwidthof the graphicshardwareevenmore.

However, thereare still several pitfalls to be circumvented,which are addressed
in our previous paperaboutthe first stepsto hardware basedwavelet analysis[4]. In
this paper we will emphasizenew algorithmicaspectof the acceleratiorprocessy
utilizing specialOpenGLfeatures.

2 Wavelets

In the pasttwo decadeswaveletanalysishasgrown from a mathematicaturiosityinto
amajor sourceof new basisdecompositiorandsignalprocessingalgorithms[10, 14].
Theimportanceof orthonormabasisof waveletsandmulti-resolutionanalysisresides



in theirhierarchicahaturewhich offersamathematicaframework for describingunc-
tions at differentlevels of resolution.Using basisfunctionswith good approximation
properties,i.e. with mary vanishingmoments,one canrepresenfunctionsby keep-
ing only theimportantcoeficients(regularly calledfeaturey anddiscardingall others.
This sectionggivesa shortintroductioninto the basicsof wavelettheory Detailsonthe
theorycanbefoundin [1, 2,6].

A multi-resolutionanalysiscanbe thoughtof asa ladderof approximatingclosed
subspace$V;);jez of L2(R). Thefunctionsin thesesubspacebave well definedscal-
ing and translationproperties.Furthermorethere exists a function ¢ € Vp suchthat
{@on; j,n € Z} with @j n = 21/2@(2x — n) is an orthonormabasisof Vo. Underthese
conditionsonecanconstrucenorthonormalwaveletbasis{Qj n; j,n € Z} with Pj n =
21/2y(21x —n), suchthatfor ary function f in L?(R)

Pif=P_1f+Qj_1f, 1)
whereP; andQ); arethe orthogonalprojectionsontoV; andWj, respectiely:

Pif= <f,0n>@n, Qjf= < f,Pjn>Pjn.

The function  is sometimescalled the motherwavelet. The projectionP; f ontothe

subspace¥| correspondso the differentresolutionlevelsin which thefunction f can

be decomposedrheseprojectionscontainthe smoothinformationof f atagivenlevel

of resolution.TheprojectionsQ; f ontothesubspace®/; spannedy the;j » represent
the detail informationof f requiredto move from oneresolutionapproximationsub-
spaceo thenext finerone.Equation(1) is thewaveletdecompositiorof thefunction f.

Thescalingfunction ¢ satisfieghe two-scalerelation

o= Z Pn@yn, (2
n

which is adiscretdow-pasdfilter operatiorwith thefilter {hn}nez.

Now we startwith a scaleapproximationf+1 = Pj,1 f of afunction f in Vj;1 and
decomposét into a coarserapproximationin Vj. Dueto thefactthatVj, 1 = V; oW,
we have f1+1 = 1 +8J, whered) = Q; f. In termsof the orthonormabases @j n}nez
and{Wj n}nez, we have

fl=5clon, &=Yduwn,
n n
wheretherelationbetweerthe coeficientsof thetwo levelsof resolutionis givenby

ci-1= th_m ¢, di-t= ng_Zn cl (3)

andgn = (—1)"h;_,. h andg arethe low-passandhigh-pasdilters, respectiely. The
decimationby a factor?2 correspondso a down-samplingwhengoing from onelevel
to the next coarseone.This decompositiortanbe continuedusingtherelationV; =
V; ®@W; andsoonuntil agivenlevel J < j, obtainingthe following approximatiorfor
f:

fj+l=6j+___+6J+l+6J+ fJ
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Fig. 1. TheHaarscalingfunction,wavelet,andfilter coeficientsfor HaarandDaubechieg4)
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Fig. 2. DecompositiorusingHaarwavelets Fig. 3. ReconstructiomsingHaarwavelets

Theinverseoperationthereconstructiorof fi+1 from fi andd!, is simply givenby:

& =3 (Man €+ Gk-an d}) (4)
n

Now let us take a look at an example.The simplestpossiblewaveletis the Haar
wavelet. Figure 1 depictsits scalingfunctionandthe motherwavelettogethermwith the
filter coeficients. _ _

We will now decompose setof coeficients cﬂ< into the cﬂ:l of the next coarser
level. In Figure2 the decompositiorprocesss explained.Theinput dataarecornvolved
with thefilter kernelsh, andg, anddown-sampledy afactorof 2. This procescanbe
continuedwith the low-pasdiltered coeficientsclj(_l, until only onecoeficientis left.

In orderto reconstructheoriginal signal,thelow- andhigh-pasdilteredcoeficients
areprocessedsshownnin Figure3. Thecoeficientsareup-sampledndthencorvolved
with therevertedfilter kernelsaccordingo (4).

Sofarwe have only dealtwith one-dimensionadlata.For higherdimensiondases
which aretensorproductsof the one-dimensionataseare used.Thereexist otherap-
proachegor selectingorthogonabasisfunctions but tensomproductwaveletsareeasier
to understanéndfasterto compute.

3 The Rendering Pipeline

As it canbe directly derived from Equations(3) and (4), wavelet decompositionis
practicallydoneby aninput signalfiltering anda down-samplingstep.Reconstruction
on the otherhandis performedby first up-samplingandfiltering afterwards.Modern
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Fig. 4. The OpenGLgraphicspipeline

graphicshardwaresupportdiltering andscaling(resampling¥or imagetransferopera-
tions,whichwe will utilize for hardwarebasedvaveletdecompositiorandreconstruc-
tion. Therelevantpartof thethe OpenGLgraphicspipelineis depictedn Figure4.

In orderto mapthewavelettransformatiorontothe graphicshardware,we will use
a mathematicakpecificationof the graphicspipe. A moreelaboratednodelhasbeen
derivedin [4]. Let usconsidettherelevantpartsof thegraphicspipelinefor imagedata.
Whenarectangulapartof the framebuffer is to be copiedfrom a sourcearea,its color
valuesare pipedthroughthe pixel transfersystemandthe rasterizerbeforethey are
written to the destinationarea.Pixel transferincludesscalingandbiasingof the color
values,convolution with a prior definedfilter kerneland clampingto the usualcolor
valuerangel0, 1). Therasterizettransposeshe inputimageto the designatedlestina-
tion areawhile zoomingit with arbitraryzoomfactors,in otherwords,it performsup-
anddown-sampling.

Now let p"*! be the pixel datathat resultsfrom a graphicaloperationon p". For
simplificationwe will assumehat p" is one-dimensionalA first approximationof the
relevant part of the graphicspipeline can be written as a compositionof a corvolu-
tion (co), a clampingstep(cl), atranspositior{tr), andthe scalingstep(sc):

p™l=scotrocloco(p") (5)

sAPi) = Pyzi| (6)

tr(pi) = Pi—xs+xg (7)

cl(pi) =max0,min(1, pi)) (8)

co(pi)=s- ) Kjpi+j +b, 9)
JZOJ +]

with zoomz, sourcexs anddestinationy position,scalings, andbiasb parametersand
with a corvolution kernelk of sizem. As explainedabove, (co) and(cl) areperformed
in the pixel transfersystemwhile (tr) and(sc)describehetaskof therasterizer

Theseequationsareappliedto pixels p™**! of the destinatiorareai € [xq, (X3 + W+
1—m)-2z), with w beingtheimagesize. The remainingpixelsstick to their old values,
thatis, they areequalto pf.

As we now have a mathematicamodelof the renderingpipeline,we canaddress
the problemof mappingwavelettransformation®ntothe hardwareasthe next logical

step.



4 Hardware BasedDecomposition

Comparedo theorderof operationsn thegraphicspipeline,of whichtherelevantpart
is depictedin Figure4, waveletdecompositiorfits neatlyinto its schemeRemember
ing that scalingis a part of the rasterizatiorprocessconvolution is performedin the
graphicspipejust beforeimagescaling.

Whenwe write the waveletdecompositior{3) as

ér]'l_l = Z hi Cr]'|+i ) rl'l_l = Z Oi Cg\+i ) (10)
I I

=28, d =d (11)
andcompareit to Equationg(5) to (9), we seethat eachof the waveletdecomposition
filter stepsmatcheghe calculationsof the OpenGLgraphicspipe perfectly exceptfor
theclampingsteps Clampingintroducessereralproblemso thesealgorithmsthathave
to be addressetby usingarbitrary scaleandbias parametersThis aspecis discussed
in detailin [4]. (6) implementghedown-scalingin (11) and(10) canbe expressedvith
the corvolutionfilters (9).

Onething to noteis thattheimagedatap? aswell asthefilter kernelk; areonly
definedfor j > 0. Thefilter kernelsizeis furtherlimited by hardwarespecificconstants,
which arerathersmall. Thusit is necessaryo displacethe filter kernelandthe input
andoutputimagespecificationsdeforeinvocation.Of course the displacemenhasto
be compensateah thefinal corvolution step.

Theinputdatahaveto becorvolvedusingtwo differentfilters, soeithertheresulting
imageshave to be written to anotherpart of the frame buffer, just like in our earlier
approachor they have to be donetogetherin one step.Now rememberthat we are
actuallydealingwith 2D images Whenwe combinebothtensorproductstepswith the
two differentfilters, we getatotal of four filters thathave to be appliedto thedata.

AsthegraphicoipelineworksonRGBA imagemeverthelessit seemdo bestraight-
forwardto useRGBA corvolution filters insteadof luminanceonly filters to combine
thesefour stepsinto oneasdepictedin Figure5. Thiswill speedup thedecomposition
significantly asthe rastermanagemneedsto addresonly onefourth of the numberof
pixelsof thepreviousmentionedapproachandthecorvolutionpipelineis implemented
for colorfilters anyway. Additionally, we do nothave to copy thesourceimagein order
to save it for the secondilter, which makesfor anotherfactorof two.

B | A
low/hi | hi/hi

R | G RGBA

low/low | hi/low

Fig.5. UsingoneRGBA corvolution insteadof four differentluminanceonly corvolutions



Createcorvolutionfilter: hj = hj+o , &} = Jj+a »
fﬁk: hj‘hky fj(?k:gj ‘hk, ffk: hj 'gk , fj/;\k: gj ‘gk Vj,k.
Calculatescalings andbiasb .  Setpost-corolution scalingto s.

Setpost-corolution biasto b . 1111

Setpixel zoomto 1.0x 1.0 Setcolor matrixto (8 83 8) :
0000
X[

Copy area[dx+ o +ix , Ox+ 0 +ix + Wy + A — 1)
to [ox, Ox+Wx+A—1) x [0y, Oy +Wy +A—1).
Setpixel zoomto 0.5x 0.5. Disablecolor matrix.
Copy area[ox, Ox +Wx+A—1) x [0y, Oy +Wy +A— 1) to [0x, Ox + 3Wy) X [0y, Oy + 2Wy), using
convolution filter f (sizeA?).

O +a+iy, &y +a+iy+w+A—1)

hj, 9; Low- andhigh-pasdilters, respectiely

a Index of first non-zeroelementf bothfilters
A Sizeof filters

o) Shift offset (seetext)

i,w Inputimageoffsetandsize

o] Outputimageoffsets

Fig. 6. Implementatiorsequencéor waveletdecompositionn hardware

However, it turnsout thatwe still have to copy the sourceimage,becaus®©penGL
doesnot provide a pre-corvolution color matrix, which would be necessaryo provide
the sameinformationto the four differentfilters. As we wantto addresonly the low-
passfiltered dataof the previous step,which is storedin the red componentof the
calculatedmage,we have to spreacthis informationto all four color channelausing
SGI’s color matrix OpenGLextensionbeforeinvoking the corvolution filter. Still, we
have theadvantageof betterutilization of the graphicspipe.

Unfortunately OpenGLis no pixel exact specification.In particular zoomingis
only well definedaccordingto (6) for up-samplingthatis for zoom factorsgreater
thanone.Whenimagesare scaleddown, it is up to the implementatiorwhich pixels
to transfer We have found that even the implementationof one vendor— Silicon
Graphicsin our case— vary from architectureto architectureln orderto addresshis
problem,a so-calledshift offsetd is determinedWhenaddedo the specificatiorof the
sourceimages left edge,it correctsthe internal pixel offset. Currently the only way
to determinethe shift offsetis to drawv a scaled-dan versionof a well-known image
for severaldifferentshift valuesandto readit backafterwardsfor comparisorwith the
desiredresult.

Additionally, carehasto be takenat the bordersof theinputimage.Severalstrate-
gieshave alreadybeendiscussedwith blankingbeingthe easiestandinput mirroring
beingoneof thebestmethodsn orderto suppressigh frequencieshatarenot part of
theimage,but introducedby aliasingeffects.

Finally, Figure 6 shovs the implementationsequencdor wavelet decomposition
usinggraphicshardware.The calculationof the scalingandbiasvalues,which is left
out herefor clarity, is discussedhn detailfor the onedimensionatasein [4].



5 Hardware BasedReconstruction

In contrasto the decompositioralgorithm,waveletreconstructions muchmorecom-
plicated,becausaccordingto Equation(4) scalingandcorvolutionis to be performed
in inverseordercomparedo therenderingpipeline(Figure4). Either scalingandcon-
volution haveto be performedn separateenderingsteps or thefilters have to be split
andspecialcarehasto betakenin orderto rendereven andodd pixel positionssepa-
rately. Eitherway, reconstructioris morecomplicatedhandecomposition.

Moreover, dueto differentscalingandbiasvaluesfor odd and even pixels, using
separate@enderingstepsis not a feasibleoption. Therefore we will concentraten the
secondpossibility of splitting thefilters.

Now we examinethewaveletreconstructiorg4). In orderto simplify theexpression,
we have to distinguishbetweenk beingevenandodd. For evenk we substitutehy_on,
usingh® = h_n (g accordingly)andget

Gt =3 (el +odl) (12)

|
41+l el
o =cyt = ¢t (13)

For oddk we useh®? = h;_»p,, which resultsin

et =3 (hl, + 9. (14)
I

j+1 j+1 Aj

o =Chpy = G (15)

Again,wewill concentrat®nthelow pasdiltereddatafirst andsimply neglectg in
thetermsabove. We canseethat (13) and(15) canbe performedby settingaccording
zoomfactorsin (6). (12) and(14) canbe implementedn (9) by choosingh® andh°d
asfilter kernelsrespectiely.

Of coursewhenrenderinghe oddcoeficients,we haveto make surethatwe donot
overwrite the previously renderedeven coeficients.OpenGLknows abouta so-called
stencil buffer, which providesmaskingtestsin the perfragmentoperationpart of the
graphicspipeline. The stencil buffer hasto be initialized with a striped patternonly
once,afterthatthe stenciltestcanbe setto renderevenor odd pixelsonly. We activate
the testfor renderingodd pixels only dueto speedreasonsaseachactivatedtestcan
slow down therenderingprocess. _

Up to now we have only dealtwith thelow-pasdiltered coeficientsch. As we have
the necessanpi-passfiltered coeficientsd) storedasanothercomponenbf the same
pixels, we canuse SGI's color matrix extensionto combinethem. Again, we useall
four red, green,blue, and alphacomponentsn orderto work on 2D tensorproduct
waveletsin onestep.This is differentto our previous approachwherewe treatedthe
differentcoeficientsin separatesteps.The new approachs not only faster but even
more accurate pecausecolor matrix operationsare performedwith higher precision
thanblendingoperationsn the framebuffer, andwe do not have to dealwith clamping
artifactsin this caseeither We disablerenderingto thegreen blue,andalphachannels
in orderto not overwrite the hi-passfiltered coeficientsthere,which will be neededn
thenext reconstructiorstep.



Createcorvolution filters:

V= Ny anstn | _p; - hod= Nyranttn _j4q - g7'= Yy carta | ) 6= Yppaatiay_ojyq
PYR=RCh, Y =geR, (P =Reg, (90 =806 Vik,Wye {ev,od}.
5= |Gthel] 0o [@HASl] A= BV [§]41, %= 50 [§]+1.

Calculatescalings andbiasb™, x,y € {ev,od} .
Setpixel zoomto 2.0x 2.0.  Enablerenderingto R only, disablerenderingto G, B, andA.

1000 0 xeven,yeven
Setcolormatrixto { 1990 | . Initialize stencilbuffer with ¢ 3 ¥GY&en
1000 3 xodd,yodd

Disablestenciltest. ~Setpost-conolution scalingandbiasto sandb®® .
Copy area [ix + 0%, ix + 0% + wy + A% — 1) x [iy + &%, iy + &% + wy + A% — 1)
to [0x, Ox + 3Wy) x [0y, Oy + 2wy), usingcorvolution filter f && (sizeA® x AY) .

Do ¥x,y € {ev,od} : 1 x=ody=er
Enabl%tenciltest,renderon_ly pixelswith stencilvalue{ % X ey {/::%?j .
Setpost-conolution biasto b*Y .
Copy aredix+ 0, ix+ &+ wx + A —1) X [iy+ &, iy + & +wy + A — 1)
to [0y, Ox + W) x [0y, Oy + 2wy), usingcorvolutionfilter f %V (sizeAX x AY) .

hj,9; Low- andhigh-pasdilters, respectiely

a Index of first non-zercelemenif bothfilters
A Sizeof bothfilters

0Oc, 04, W Inputimageoffsetsandsize

0o Outputimageoffset

Fig. 7. Implementatiorsequencéor waveletreconstructionn hardware

Asweareup-samplingduringreconstructionywe do nothaveto careaboutary shift
offsetsduring zooming,asthe OpenGLspecifications pixel exactin this case.How-
ever, we haveto careaboutthefactthathardwarefilter kernelshy areonly to bespecified
for non-neyative k. Togetherwith the problemof odd sizedfilter kernelsthis leadsto
quite horriblefilter kernelspecificationsywhich canbe notedin theimplementatiorse-
quencein Figure7. Again, the scalingandbiasvaluesthat have to be computedhere
have beendiscussedn detailin our previous paper Carehasto be taken aboutimage
bordersaswell. Thepolicy heredepend$eavily onthepolicy takenduringthedecom-
positionstep.Note that Haarwaveletsare quite uncomplicatedas the reconstruction
filters have thesizel, whichis amerescaling.

6 Results

Table 1 revealsthat Hardwarebasedwaveletfiltering is muchfasterthana well tuned
softwareimplementationOnly for very smallimagesthe softwaresystemoutperforms
the OpenGLhardware.Scalingandbiascomputatioraswell asfilter kerneldownload
addsanalmostconstanbverheadvhich unsurprisinglyleadsto badtimesfor smallim-

agesOntheotherhand performancanalysisshavs thatthefilter operationf current



Haarwavelet Daubechieg4) wavelet
Size 32 642 12& 2562 512 322 642 128 2562 512

Softwaredecomp. 05020 7.8 31 150 0.7028 11 45 209
Hardwaredecomp. 0.651.4 45 16 62 0.701.8 55 19 74
Factor 07714 17 19 24 1.0 1.6 20 24 28

Softwarerecons. 0.803.6 14 55 240 1.2 50 19 78 340
Hardwarerecons. 14 20 50 18 66 1.4 20 51 18 66
Factor 0.571.8 28 31 3.6 0.8625 3.7 43 52

Table 1. Filter timesin msper 2D waveletstep

graphicshardwarearestill not optimizedandin the future muchhigherthroughputcan
be expected.

All timeshave beenmeasuredn a Silicon GraphicsOctanewith R10000195MHz
processoandaMXE graphicipe.We will addperformancdiguresfor thelntergraph
Wildcataswell assoonaspossible.

As hardware basedwavelet filtering usesthe frame buffer for its computations,
which hasonly a limited depth,the accurag of the computationsannotbe asgood
aswith softwarebasedechniqueswhichin contrastonly have to toleratethetypically
smallfloating point errors.On the otherhand,whenusinga framebuffer with a depth
of 12 bits perbasecolor, only singlebit errorscanbefoundin imagesof size512 after
completewaveletdecompositiorandreconstructionasit canbeseenonthecolor plate
in Figures8 to 11. Notethatthe differenceimageshave beenenhancedo that onebit
differencesarevisible.

Ontheotherhand framebufferswith only eightbits perbasecoloryield lesspleas-
ing results.Figures12 to 13 reveal the differencesafter completedecompositiorand
reconstructionAgain, the lastimagehasbeenenhancedn orderto reveal the differ-
ences.The maximumabsolutedifferencebetweerthe original imageandthe wavelet
decomposedmnageis 13, thatis about5% of thetotal 8 bit color range.

7 Conclusion

We haveintroducedawaveletdecompositiomndreconstructioralgorithm,thatdirectly
workson the graphicshardwareof modernOpenGLcapablevorkstationsandacceler
atesthetime consumindfiltering stepsalot. By usingthe convolution andcolor matrix
extensiongogethemwith OpenGLs facilitiesto scaleimagesduring copy instructions,
we areableto performall necessargtepsof 2D tensomproductwaveletfiltering without
copying datafrom or to the machines mainmemory thusavoiding typical bottlenecks
in the visualizationcycle. Different possibilitiesto use hardware basedwaveletsfor
enhancedeaturedetectionarecurrentlysubjectof furtherinvestigations.

Usingthe framebuffer for mathematicabperationds usuallyproblematidn terms
of accurag [11] dueto thelimited depthof the framebuffer. However, waveletdecom-



positionandreconstructiorhave provento be relatively robust. Only single-bitdiffer-
encedetweersoftwareandhardwaredecomposedatacanbedetectedvhenrendering
intermediatemagesto 12 bit accuratéramebuffers.
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Fig.8. Thehead dataset
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Fig.10. 1-bit differencesafter full Haar Fig. 11. 1-bit differenceshetweensoftware
decompositionand reconstructionusing a and hardware Haar decompositiorusing a
framebuffer with 12 bits percolor framebuffer with 12 bits percolor

Fig. 12. Reconstructeimageusinga frame Fig.13. Enhanceddifferences after full
buffer with 8 bits percolor Haardecompositiorandreconstructiorus-
ing aframebuffer with 8 bits percolor
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